In this paper, we investigate the mean curvature flows starting from all nonminimal leaves of the isoparametric foliation given by a certain kind of solvable group action on a symmetric space of non-compact type. We prove that the mean curvature flow starting from each non-minimal leaf of the foliation exists in infinite time, if the foliation admits no minimal leaf, then the flow asymptotes the self-similar flow starting from another leaf, and if the foliation admits a minimal leaf (in this case, it is shown that there exists the only one minimal leaf), then the flow converges to the minimal leaf of the foliation in C ∞ -topology.
Introduction
In [K2] , we proved that the mean curvature flow starting from any non-minimal compact isoparametric (equivalently, equifocal) submanifold in a symmetric space of compact type collapses to one of its focal submanifolds in finite time. Here we note that parallel submanifolds and focal ones of the isoparametric submanifold give an isoparametric foliation consisting of compact leaves on the symmetric space, where an isoparametric foliation means a singular Riemannian foliation satisfying the following conditions:
(i) The mean curvature form is basic, (ii) The regular leaves are submanifolds with section.
A singular Riemannian foliation satisfying only the first condition is called a generalized isoparametric foliation. Recently, M. M. Alexandrino and M. Radeschi ([AR] ) investigated the mean curvature flow starting from a regular leaf of a generalized isoparametric foliation consisting of compact leaves on a compact Riemannian manifold. In particular, they ([AR]) generalized our result to the mean curvature flow starting from a regular leaf of the foliation in the case where the foliation is isoparametric and the ambient space curves non-negatively. On the other hand, we ([K3] ) proved that the mean curvature flow starting from a certain kind of non-minimal (not necessarily compact) isoparametric submanifold in a symmetric space of non-compact type (which curves non-positively) collapses to one of its focal submanifolds in finite time. Here we note that the isoparametric foliation associated with this isoparametric submanifold consists of curvature-adapted leaves. See the next paragraph about the definition of the curvature-adaptedness.
In this paper, we study the mean curvature flow starting from leaves of the isoparametiric foliation given by the action of a certain kind of solvable subgroup (see Examples 1 and 2) of the (full) isometry group of a symmetric space of non-compact type. Here we note that this isoparametric foliation consists of (not necessarily curvature-adapted) non-compact regular leaves. We shall explain the solvable group action which we treat in this paper. Let G/K be a symmetric space of non-compact type, g = k + p (k := Lie K) be the Cartan decomposition associated with the symmetric pair (G, K), a be the maximal abelian subspace of p, a be the Cartan subalgebra of g containing a and g = k + a + n be the Iwasawa's decomposition. Let A, A and N be the connected Lie subgroups of G having a, a and n as their Lie algebras, respectively. Let π : G → G/K be the natural projection.
Given metric. In this paper, we give G/K the G-invariant metric induced from the restriction B| p×p of the Killing form B of g to p × p.
The symmetric space G/K is identified with the solvable group AN with a left-invariant metric through π| AN . Fix a lexicographic ordering of a.
k λ be the root space decompositions of g, p and k with respect to a, where we note that
Note that n = λ∈△ + g λ . Let G = KAN be the Iwasawa decomposition of G. Now we shall give examples of a solvable group contained in AN whose action on G/K(= AN ) is (complex) hyperpolar. Since G/K is of non-compact type, π gives a diffeomorphism of AN onto G/K. Denote by , the left-invariant metric of AN induced from the metric of G/K by π| AN . Also, denote by , G the bi-invariant metric of G induced from the Killing form B. Note that , = ι * , G , where ι is the inclusion map of AN into G. Denote by Exp the exponential map of the Riemannian manifold AN (= G/K) at e and by exp G the exponential map of the Lie group G. Let l be a r-dimensional subspace of a + n and set s := (a + n) ⊖ l, where (a + n) ⊖ l denotes the orthogonal complement of l in a + n with respect to , e (e : is the identity element of G). According to the result in [K1] , if s is a subalgebra of a + n and l p := pr p (l) (pr p : the orthogonal projection of g onto p) is abelian, then the S-action (S := exp G (s)) gives an isoparametric foliation without singular leaf. We ( [K1] ) gave examples of such a subalgebra s of a + n.
Example 1. Let b be a r(≥ 1)-dimensional subspace of a and s b := (a + n) ⊖ b. It is clear that b p (= b) is abelian and that s b is a subalgebra of a + n.
Example 2. Let {λ 1 , · · · , λ k } be a subset of a simple root system Π of △ such that
Then, it is shown that l p is abelian and that s b,l 1 ,··· ,l k := (a + n) ⊖ l is a subalgebra of a + n.
In Example 2, a unit vector of l i is described as 1 cosh(||λ i ||t i )
for a unit vector ξ i of g λ i and some t i ∈ R, where ||λ i || := ||H λ i ||. Then we denote l i by l ξ i ,t i if necessary and set ξ
Denote by F b and F b,l 1 ,··· ,l k the isoparametric foliations given by the S b -action and the S b,l 1 ,··· ,l k -one, respectively. A submanifold in a Riemannian manifold is said to be curvature-adapted if, for each normal vector v of the submanifold, the normal Jacobi operator R(v) := R(·, v)v preserves the tangent space of the submanifold invariantly and the restriction of R(v) to the tangent space commutes with the shape operator A v , where R is the curvature tensor of the ambient Riemannian manifold. According to the results in [K1] , the following facts hold for isoparametric foliations F b and F b,l 1 ,··· ,l k :
If the root system △ of G/K is nonreduced and 2λ i 0 ∈ △ + for some i 0 ∈ {1, · · · , k}, then all leaves of F b,l 1 ,··· ,l k are not curvature-adapted.
(iii) If b = {0}, then F b,l 1 ,··· ,l k admits no minimal leaf. On the other hand, if b = {0}, then this action admits the only minimal leaf.
(iv) Let l 1 , · · · , l k be as in Example 2 and l i (i = 1, · · · , k) be the orthogonal projection of l i onto g λ i . Then F b,l 1 ,··· ,l k is congruent to F b,l 1 ,··· ,l k . In more detail, we have
For example, in case of k = 1 and b = e, the positional relation among the leaves of these foliations is as in Figure 1 .
According to the above facts (i) and (ii), the leaves of F b,l 1 ,··· ,l k give examples of interesting isoparametric submanifolds in G/K.
In this paper, we shall prove the following facts for the mean curvature flows starting from the non-minimal leaves of Remark 1.1. The mean curvature flow starting from any leaf of F b is self-similar.
The mean curvature flows starting from leaves
Also, in case of b = {0}, we obtain the following fact.
be the mean curvature flow starting from M . Then the following statements
The following question arises naturally. 2 Mean curvature flow.
In this section, we shall recall the notion of the mean curvature flow. Let
For a vector bundle E over M , denote by π * E the induced bundle of E by π. Also, denote by H t and g t the mean curvature vector field and the induced metric of f t , respectively. Define a section g of π * (
In particular, if f t 's are embeddings, then we call H1,2] and [B] and so on about the study of the mean curvature flow (treated as the evolution of an immersion).
3 The non-curvature-adaptedness of the leaves.
In [K1] , we proved the following statement:
(see the statement (ii) of Proposition 3.5 in [K1] ). However, the second-half part of the proof was false. Hence we shall correct the proof of this statement by recalculating the normal Jacobi operators of the leaves (see Proposition 3.5). We shall use the notations in Introduction. According to the fact (iv) stated in Introduction, we have
Hence we suffice to show that the leaves S b,l 1 ,··· ,l k · e's are not curvature-adapted. As stated in Example 2, we set ξ
For the shape operator of S b,l 1 ,··· ,l k · e, we showed the following facts (see Lemma 3.2 of [K1] ).
where θ is the Cartan involution of g with Fix θ = k.
, where exp is the exponential map of G. Then
, where Ad is the adjoint representation of G. 
where ad(X) * (resp. ad(Y ) * ) is the adjoint operator of ad(X) (resp. ad(Y )) with respect to , e and (•) a+n is the the (a + n)-component of (•).
Let pr 1 a+n (resp. pr 2 a+n ) be the projection of g onto a + n with respect to the decompo- (ii) For any X ∈ g λ , we have
According to (3.4), we have
for any X ∈ g λ (λ ∈ △ + ) and any Y ∈ g µ (µ ∈ △ + ). For each X ∈ a + n, we denote by X the left-invariant vector field on AN with ( X) e = X. By using Lemma 3.2, (3.3), (3.4) and (3.5), we can derive the facts directly.
Lemma 3.4. For any unit vector X λ , Y λ of g λ (λ ∈ △ + ) and H λ (λ ∈ △ + ), we have
and
From Lemma 3.4 and (3.5), we can derive the following facts for the normal Jacobi operators by somewhat long calculations.
Proposition 3.5. Let R be the curvature tensor of AN (= G/K). Then, for R(ξ 0 ) (ξ 0 ∈ b) and R(ξ i t i ) (i = 1, · · · , k), the following statements (i) ∼ (vi) hold:
From Lemma 3.1 and Proposition 3.5, we can derive the following facts directly.
From (iv) of Proposition 3.6, we can derive the statement ( * ).
Also, we ( [K1] ) showed the following fact in terms of Lemma 3.1. 
Proof of Theorem A
In this section, we shall prove Theorem A. We use the notations in Sections 1 and 3. Note that Exp| a = exp | a and Exp| n = exp | n . Set Σ :
, which is the flat section of the S b,l 1 ,··· ,l k -action through e. Each leaf of F b,l 1 ,··· ,l k meets Σ at the only one point. That is, Σ is regarded as the leaf space of this foliation. For ξ 0 ∈ b and t i ∈ R (i = 1, · · · , k), we set x ξ 0 ,t 1 ,··· ,t k := Expξ 0 · γ ξ 1 (t 1 ) · · · · · γ ξ k (t k ) . Also, denote by D ds (•) the covariant derivative of vector fields (•) along curves in AN (with respect to the left-invariant metric). The following fact is well-known about the geodesics in rank one symmetric spaces of non-compact type but we shall give the proof.
By using Lemma 3.4, we can show
Hence we obtain Y (s) = γ ′ ξ i (s). Also, it is clear that ( ξ 0 ) γ ξ 0 (0) = ξ 0 . By using Lemma 3.4, we can show
q.e.d.
Next we shall show the following fact.
Lemma 4.2. The point x ξ 0 ,t 1 ,··· ,t k belongs to Σ.
Proof. It is clear that Exp(ξ 0 ) belongs to Σ. First we shall show that Exp(ξ 0 ) · γ ξ 1 (t 1 ) belongs to Σ. Let γ ξ 0 be the geodesic in AN with γ ′ ξ 0
is tangent to Σ. Denote by ξ 1 the parallel vector field along γ ξ 0 . Take orthonormal bases {e λ 1 , · · · , e λ m λ } of g λ (λ ∈ △ + ). Also, take an orthonormal base {e 0 1 , · · · , e 0 r } of a. We describe ξ 1 as
where a 0 i and a λ i are functions over R. Fix s 0 ∈ R. By using Lemma 3.4, we can show
. From the arbitrariness of s 0 , we see that a 0 i and a λ i are constant. Hence we obtain ξ 1 (s) = ( ξ 1 ) γ ξ 0 (s) . On the other hand, since ξ 1 is tangent to Σ and Σ is totally geodesic, ξ 1 (1) also is tangent to Σ. Hence we see that ( ξ 1 ) Exp(ξ 0 ) is tangent to Σ. Therefore Exp(ξ 0 ) · γ ξ 1 (t 1 ) belongs to Σ.
Next we shall show that Exp(ξ 0 ) · γ ξ 1 (t 1 ) · γ ξ 2 (t 2 ) belongs to Σ. Since γ ξ 2 is a geodesic in AN and L Exp(ξ 0 )·γ ξ 1 (t 1 ) is an isometry of AN , L Exp(ξ 0 )·γ ξ 1 (t 1 ) • γ ξ 2 is a geodesic in AN .
Hence we suffice to show that (
Denote by ξ 2 the parallel vector field along
where b 0 i and b λ i are functions over R. Fix s 0 ∈ R. By using Lemma 3.4, we can show
Hence, by using Lemma 3.4, we have
and (4.5)
By substituting (4.4) and (4.5) into (4.3), we obtain (4.6)
Without loss of generality, we may assume that e λ 2 1 = ξ 2 . Hence we have b λ 2 1 (0) = 1 and b λ i (0) = 0 for any (λ, i) other than (λ 2 , 1). From (4.6) and these relations, we obtain b λ 2 1 ≡ 1 and b λ i ≡ 0 for any (λ, i) other than (λ 2 , 1), where we note that λ 1 − λ 2 / ∈ △ ∪ {0}. Therefore we obtain ξ 2 = ( ξ 2 ) γ ξ 1 (s) . On the other hand, since ( ξ 2 )(0) is tangent to Σ and Σ is totally geodesic, ξ 2 (t 1 ) also is tangent to Σ. Hence we see that ( ξ 2 ) Exp(ξ 0 )·γ ξ 1 (t 1 ) is tangent to Σ. Therefore Exp(ξ 0 ) · γ ξ 1 (t 1 ) · γ ξ 2 (t 2 ) belongs to Σ. In the sequel, by repeating the same discussion, we can derive that
It is clear that any point of Σ is described as x ξ 0 ,t 1 ,··· ,t k for some ξ 0 ∈ b and some t 1 , · · · , t k ∈ R. Fix an orthonormal base {e 0 1 , · · · , e 0 m 0 } of b, where m 0 := dim b. Define vector fields E 0 i (i = 1, · · · , m 0 ) and
By imitating the discussions in the proofs of Lemmas 4.1 and 4.2, we can show the following fact for these vector fields.
Lemma 4.3. The vector fields E 0 i (i = 1, · · · , m 0 ) and E j (j = 1, · · · , k) are tangent to Σ and they give a parallel orthonormal tangent frame field on Σ.
by imitating the discussion in the proof of Lemma 4.2. On the basis of these facts, we can derive the statement of this lemma, where we note that Σ is flat.
q.e.d. By using these lemmas, we prove Theorem A.
Proof of Theorem A. In this proof, we use the notations as in Example 2. Set M x ξ 0 ,t 1 ,··· ,t k := S b,l 1 ,··· ,l k · x ξ 0 ,t 1 ,··· ,t k . Denote by H x ξ 0 ,t 1 ,··· ,t k the mean curvature vector field of M x ξ 0 ,t 1 ,··· ,t k .
Let {e 0 1 , · · · , e 0 m 0 } be an orthonormal base of b and (
According to the fact (iv) stated in Introduction, we have
Denote by H ξ 0 ,t 1 ,··· ,t k the mean curvature vector field of S b,l ξ 1 ,t 1 ,··· ,l ξ k ,t k · e. According to Lemma 3.1, we have ||λ i || tanh(||λ i ||t i )(m λ i + 2m 2λ i )(E i ) x ξ 0 ,t 1 ,··· ,t k .
Define a tangent vector field Z over Σ by Z x := (H x ) x (x ∈ Σ). According to (4.7), we have Also, by solving c ′ m 0 +j (t) = −(m λ j + 2m 2λ j )||λ j || tanh(||λ j ||c m 0 +j (t)) under the initial condition c m 0 +j (0) = t j , we have (4.11) c m 0 +j (t) = 1 ||λ j || arcsinh e −||λ j || 2 (m λ j +2m 2λ j )t sinh(||λ j ||t j ) .
From (4.10) and (4.11), we can derive T = ∞, lim 
